ABSTRACT. In this paper we study G-Higgs bundles over an elliptic curve when the structure group G is a classical complex reductive Lie group. Modifying the notion of family, we define a new moduli problem for the classification of semistable G-Higgs bundles of a given topological type over an elliptic curve and we give an explicit description of the associated moduli space as a finite quotient of a product of copies of the cotangent bundle of the elliptic curve. We construct a bijective morphism from this new moduli space to the usual moduli space of semistable G-Higgs bundles, proving that the former is the normalization of the latter. We also obtain an explicit description of the Hitchin fibration for our (new) moduli space of G-Higgs bundles and we study the generic and non-generic fibres.
INTRODUCTION
A systematic study of vector bundles over elliptic curves was initiated in 1957 by Atiyah [A] , where he describes the set of isomorphism classes of indecomposable vector bundles. After the development of GIT and the introduction by Mumford [Mu] of the notions of stability for vector bundles, Atiyah's results were interpreted as the construction of an isomorphism M (GL(n, C)) d ∼ = Sym h X, where M (GL(n, C)) d is the moduli space of semistable vector bundles of rank n and degree d over the elliptic curve X and h = gcd(n, d). In [Ra1] , Ramanathan extended the notion of stability to G-bundles where G is an arbitrary complex reductive connected Lie group. Schweigert [S] , Friedman, Morgan and Witten [FM1, FM2, FMW] and for the topologically trivial case Laszlo [La] gave a description of the moduli space of semistable G-bundles with topological invariant d over an elliptic curve X in terms of a quotient
where Z G,d is the product of a certain number of copies of the curve and Γ G,d is a finite group. When G is simple and simply connected with coroot lattice Λ and Weyl group W , this quotient is (X ⊗ Z Λ)/W . Friedman and Morgan [FM1] , and Laszlo [La] when the topological type d is trivial, constructed a bijective morphism from Z G,d /Γ G,d to M (G) d which, since M (G) d is normal, is an isomorphism by Zariski's Main Theorem. Recall that (X ⊗ Z Λ)/W is isomorphic to a weighted projective space by a result of Looijenga [Lo] (see also the work of Bernstein-Shvartzman [BS] ).
In this paper we study G-Higgs bundles over an elliptic curve for classical complex Lie groups. If G is a complex reductive Lie group, a G-Higgs bundle over a smooth projective curve is a pair (P, ϕ) where P is a principal G-bundle and ϕ, called the Higgs field, is a section of the adjoint bundle ad P tensored by K, the canonical line bundle of the curve. When the structure group G is a classical reductive complex Lie group, there is a bijective correspondence between pairs (P, ϕ) and triples (E, θ, Φ) where E is a vector bundle, θ is a reduction of structure group to G of the GL(n, C)-bundle associated to E and Φ is a K-twisted endomorphism of E compatible with the reduction of structure group θ. We shall work with this latter description of Higgs bundles rather than the former.
Hitchin introduced G-Higgs bundles and their stability conditions in [Hi1] . The existence of the moduli space of semistable Higgs bundles M(GL(n, C)) d was proved by Hitchin in the case of rank 2, and by Simpson [Si1] and Nitsure [Ni] in arbitrary rank. In [Si2, Si3] Simpson proved the existence of the moduli space M(G) d of semistable G-Higgs bundles when G is an arbitrary complex reductive Lie group.
Let Γ denote the universal central extension by Z of the fundamental group π 1 (X) of a compact Riemann surface, and set Γ R = R × Z Γ. The moduli space of representations of Γ R in G with topological type d is the GIT quotient
where Hom c (Γ R , G) is the space of central representations (i.e. those representations ρ ∈ Hom(Γ R , G) satisfying ρ(R) ⊂ Z G (G) 0 ).
As a consequence of a chain of theorems by Narasimhan and Seshadri [NS] , Ramanathan [Ra1] , Donaldson [D] , Corlette [Co] , Hitchin [Hi1] and Simpson [Si1, Si2, Si3] , there exists a homeomorphism M(G) d ≃ R(G) d .
In [Si3] Simpson proved the Isosingularity Theorem which implies that M(G) 0 is normal if and only if R(G) 0 is normal. He proves that R(GL(n, C)) 0 is normal for compact Riemann surfaces of genus g ≥ 2, and therefore, in that case, M(G) 0 is normal. His proof does not apply for the genus 1 case but one can use results of Popov [Po] and computations made by the computer program Macaulay (see [Hr] ) to prove that R(GL(n, C)) 0 and M(GL(n, C)) 0 , hence also M(SL(n, C)) and M(PGL(n, C)) 0 , are normal for n ≤ 4 (see Section 3.4). For the rest of the cases, the normality of the moduli space M(G) d of Higgs bundles on elliptic curves is a question that remains open.
A key result in our study of G-Higgs bundles for classical complex Lie groups over an elliptic curve X is that a G-Higgs bundle is (semi)stable if and only if the underlying principal bundle is (semi)stable. This is a consequence of the fact that the canonical bundle of an elliptic curve is trivial, i.e. K ∼ = O. Taking the underlying bundle of a semistable Higgs bundle we have a surjective morphism
Since the fibres of this surjective morphism are connected and so is M (G) d , it follows that M(G) d is connected.
We obtain an explicit description of semistable, stable and polystable G-Higgs bundles over an elliptic curve thanks to the previous result and the description of (semi)stable vector bundles and G-bundles given in [A] and [FM1] respectively. The structure group of a polystable G-Higgs bundle can be reduced to a Levi subgroup L of G giving a stable LHiggs bundle. In the elliptic case the conjugacy class of L is the same for every polystable G-Higgs bundle with a given topological type. Let Z G,d and Γ G,d be as in (1). Using families of stable L-Higgs bundles we can construct families of polystable G-Higgs bundles E parametrized by T * Z G,d such that every polystable G-Higgs bundle of topological type d is isomorphic to E z for some z ∈ T * Z G,d and E z1 ∼ = E z2 if and only if there exists γ ∈ Γ G,d giving z 2 = γ · z 1 . This family induces a bijective morphism
If M(G) d were normal, this bijection would be an isomorphism by Zariski's Main Theorem. However, normality of M(G) d for g = 1 is an open question except in the topologically trivial cases of G = GL(n, C), G = SL(n, C) and G = PGL(n, C) when n ≤ 4 (see Section 3.4).
In view of this we construct a new moduli functor. The usual moduli functor associates to any scheme T the set of families of G-Higgs bundles parametrized by T . We will consider a new moduli functor that associates a smaller set of families of G-Higgs bundles, the set of locally graded families (defined in Sections 4.3, 4.4 and 4.5). For this new moduli functor the family E of polystable G-Higgs bundles constructed above has the local universal property. For the moduli space of Higgs bundles N (G) d associated to this moduli functor, we have
From (2) we observe that there exists a bijective morphism N (G) d → M(G) d ; thus our new moduli space is not classifying extra structure. Furthermore, since N (G) d is normal, it is the normalization of M(G) d . The Hitchin map is defined in [Hi2] by evaluating a basis of the invariant polynomials q 1 , . . . , q ℓ on the Higgs field, z z t t t t t t t t t
In particular we describe all the fibres of the Hitchin fibration, not only the generic ones. Two Langlands dual groups have the same Hitchin base. For the two pairs of dual groups, SL(n, C) and PGL(n, C), and Sp(2m, C) and SO(2m + 1, C), the Hitchin fibres over a non-generic point of the base are fibrations of projective spaces (in some cases quotients of projective spaces by finite groups) over isomorphic self-dual abelian varieties. By means of the quotients (1) and (3) The paper is structured as follows: Section 2 is a review on vector bundles and principal bundles for classical groups over an elliptic curve. It contains the description of stable and polystable bundles derived from [A] and [FM1] and the subsequent description of the moduli spaces. This section is included not only to set up notation, but also to emphasize the isomorphism (1) which will be used in the description of the moduli spaces of G-Higgs bundles.
In Section 3 we give the definitions of G-Higgs bundles for classical groups and their stability notions. We discuss normality of the moduli space M(G) d in Section 3.4 proving that M(GL(n, C)) 0 , M(SL(n, C)) and M(PGL(n, C)) 0 are normal for n ≤ 4 [Theorem 3.7] .
Section 4 contains the explicit description of the moduli spaces of Higgs bundles. In Section 4.1 we establish the equivalence between the stability of a Higgs bundle and the stability of its underlying bundle. This fact allows us to give a complete descrition of the polystable Higgs bundles.
We construct in Section 4.2 a family E n,d parametrizing all such bundles. The family E n,d is parametrized by T * X× h . . . ×T * X in such a way that two points parametrize isomorphic polystable Higgs bundles if and only if one is a permutation of the other. Using E n,d we obtain a bijection between the symmetric product Sym h T * X of the cotangent bundle of the curve and the moduli space of Higgs bundles M(GL(n, C)) d [Theorem 4.19] . We also study the smooth points of M(GL(n, C)) d and its singular locus [Theorem 4.20] .
We define locally graded families in Section 4.3 and we consider the modified moduli problem given by taking the image of the moduli functor to be the set of S-equivalence classes of locally graded families. We prove that E n,d has the local universal property among locally graded families which implies that the moduli space associated to the new moduli functor N (GL(n, C)) d is isomorphic to Sym h T * X [Theorem 4.24]. The work of Sections 4.2 and 4.3 allows us to study in Section 4.4 the moduli spaces M(SL(n, C)) and M(PGL(n, C)) d for the usual moduli problem [Theorems 4.27 and 4.28] and N (SL(n, C)) and N (PGL(n, C)) d for the new moduli problem [Theorem 4.29] .
In Section 4.5 we study the usual moduli spaces M(Sp(2m, C)), M(O(n, C)) k,a and M(SO(n, C)) w2 [Theorem 4.34] . Following an analogous procedure of that of Section 4.3 we obtain an explicit description of N (Sp(2m, C)), N (O(n, C)) k,a and N (SO(n, C)) w2 [Theorem 4.37] .
We study the Hicthin map for these moduli spaces in Section 5, and we describe the generic and non-generic fibres explicitly.
Finally in the Appendix we define an action of the groups of torsion points of an abelian variety on a product of copies of the abelian variety. We study properties of this action and its quotient space. These results are used in Section 5.3 to describe the Hitchin fibres for PGL(n, C) [Proposition 5.6 and Remark 5.7 ] (see also Remarks 2.2 and 4.30).
We work in the category of algebraic schemes over C. All the bundles considered are algebraic bundles. The slope µ(E) of a vector bundle E of rank n and degree d is defined by µ(E) := d/n.
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REVIEW ON PRINCIPAL BUNDLES OVER ELLIPTIC CURVES FOR CLASSICAL GROUPS
2.1. Vector bundles. Let X be a smooth projective curve of genus g = 1 and let x 0 be a distiguished point on it; we call the pair (X, x 0 ) an elliptic curve. However, by abuse of notation, we usually refer to the elliptic curve simply as X.
The Abel-Jacobi map aj h :
, where D is the divisor associated to the tuple of points. For h > 2g − 2 = 0 the map is surjective and the inverse image of L ∈ Pic h (X) is given by the zeroes of the sections of L, i.e. it is the projective space
For h = 1 this inverse image is a point and then aj 1 :
The distiguished point x 0 of the elliptic curve gives an isomorphism between Pic d (X) and
For every d we define an isomorphism
given by ς
−→ X defines an abelian group structure on X with x 0 as the identity. The elliptic curve (X, x 0 ) with this abelian group structure is an abelian variety and the diagram
commutes.
The vector bundle E is semistable if every subbundle F of E satisfies
The vector bundle is stable if the above inequality is strict for every proper subbundle and it is polystable if it decomposes into a direct sum of stable vector bundles, all of the same slope. Every semistable vector bundle E possesses a Jordan-Hölder filtration where every quotient E i /E i−1 is stable of slope µ(E i /E i−1 ) = µ(E). The associated graded vector bundle of E is defined by
Although the Jordan-Hölder filtration of a given semistable vector bundle E might not be unique, one can prove that the isomorphism class of gr E is unique. Two semistable vector bundles E 1 and E 2 are said to be S-equivalent if gr E 1 ∼ = gr E 2 .
A family of vector bundles over X parametrized by a scheme Y is a vector bundle V over X × Y . We write V y := V|X × {y}. Given a property of vector bundles which is satisfied by V y for all y ∈ Y , we shall say that the family V satisfies the property pointwise. Two families of semistable vector bundles parametrized by the same variety Y will be said to be S-equivalent if they are pointwise S-equivalent.
The moduli functor that associates to every scheme Y the set of S-equivalence classes of families of semistable vector bundles of rank n and degree d parametrized by Y possesses a coarse moduli space, which we denote by M (GL(n, C)) d . (The notation is justified by the fact that there is a bijective correspondence between GL(n, C)-bundles and vector bundles of rank n.) Every point of the moduli space represents a S-equivalence class of semistable vector bundles (or equivalently an isomorphism class of polystable vector bundles). The moduli space M st (GL(n, C)) d of isomorphism classes of stable vector bundles is a smooth Zariski open subset of M (GL(n, C)) d . Note also that, when gcd(n, d) = 1, every semistable vector bundle is stable and then M st (GL(n, C)) d = M (GL(n, C)) d . These moduli spaces were described implicitly by Atiyah [A] , who did not have the notion of stability available. In 1991, Tu [Tu] interpreted Atiyah's results to give an explicit description of the moduli spaces (see also [LeP] ). The following properties of vector bundles over elliptic curves are contained in [A] or [Tu] (with some changes of notation).
• If gcd(n, d) = 1, -the morphism given by the determinant
is an isomorphism; -a stable vector bundle E of rank n and degree d satisfies E ⊗ L ∼ = E if and only if L is a line bundle in Pic
is the map given in (6), we have
-there exists a family V x0 n,d of stable vector bundles of rank n and degree d parametrized by X such that for every x ∈ X,
Every family F → X × Y of semistable (and therefore stable) vector bundles with rank n and degree d defines naturally a morphism
−1 gives us a morphism f : Y → X, which is canonically defined (up to the choice of x 0 ∈ X). Thanks to (9) we know that f
is a universal family in this sense.
• There exists a unique indecomposable bundle F n of degree 0 and rank n such that H 0 (X, F n ) = 0. Moreover dim H 0 (X, F n ) = 1 and F n is a multiple extension of copies of O. In particular F n is semistable.
• Every indecomposable bundle of degree 0 and rank n is of the form F n ⊗ L for a unique line bundle L of degree 0.
-the fibre product over X of h copies of the family V 
is surjective and factors through Sym h X giving an isomorphism
• If E is stable,
Special linear and projective bundles.
A special linear or SL(n, C)-bundle over the elliptic curve X is a pair (E, τ ), where E is a vector bundle and τ is a never vanishing section of det E. An isomorphism between the SL(n, C)-bundles (E 1 , τ 1 ) and (E 2 , τ 2 ) is an isomorphism of vector bundles f : E 1 → E 2 such that τ 2 = det f (τ 1 ). It follows that (E, τ ) is isomorphic to (E, 1). Therefore, a SL(n, C)-bundle is completely determined by a vector bundle E with trivial determinant. Note that, since h = n, there are no stable SL(n, C)-bundles for n ≥ 2.
A SL(n, C)-bundle is semistable or polystable if it is, respectively, a semistable or polystable vector bundle. Two semistable SL(n, C)-bundles are S-equivalent if they are S-equivalent vector bundles. Again, we define S-equivalence for families pointwise. The moduli functor for SL(n, C)-bundles under S-equivalence possesses a coarse moduli space M (SL(n, C)).
By [Tu] and the commutativity of (7), the diagram
Take A n to be the subvariety of Z n = X× n . . . ×X given by
Let u n : A n → Z n−1 be the projection on the first n − 1 factors; this morphism is an isomorphism and its inverse u −1 n sends (x 1 . . . , x n−1 ) to (x 1 . . . , x n−1 , − x i ). Since the symmetric group S n preserves A n ⊂ Z n , we can use u n to define an action of S n on Z n−1 = X× n−1 . . . ×X. This action gives an isomorphism between Z n−1 / S n and A n / S n : composing this with the restriction of ς x0 n,0 gives
On a curve, every projective bundle or PGL(n, C)-bundle is the projectivization of a vector bundle and we denote by P(E) the projective bundle associated to E. It is well known that two vector bundles E 1 and E 2 give isomorphic projective bundles if and only if there exists a line bundle L such that E 2 ∼ = L ⊗ E 1 . Note that the projectivization of a vector bundle of rank n and degree d is a PGL(n, C)-bundle of degree d = (d mod n).
A PGL(n, C)-bundle P(E) is semistable, stable or polystable if E is respectively a semistable, stable or polystable bundle. When P(E) is semistable, we define its associated graded object as the projectivization P(gr E). Two semistable PGL(n, C)-bundles are S-equivalent if they have isomorphic graded objects. A family of projective bundles over X parametrized by Y is a projective bundle over X × Y . We define S-equivalence of families of semistable PGL(n, C)-bundles pointwise. Let us consider the moduli functor that associates to every scheme Y the set of S-equivalence classes of families of semistable PGL(n, C)-bundles of degree d = (d mod n) parametrized by Y . There exists a coarse moduli space M (PGL(n, C)) d associated to this functor. Since they are no stable vector bundles if the rank n and the degree d are not coprime, the stable locus
is empty in that case, and
Remark 2.1. Since the dimension of X × Y is greater than 1, not every projective bundle over X×Y comes from a vector bundle, i.e. not every family of PGL(n, C)-bundles comes from a family of vector bundles. If we modify the notion of family of projective bundles, allowing only those that come from families of vector bundles, we obtain a different moduli functor. It can be proved that the two moduli problems have isomorphic coarse moduli spaces. Working with the second picture, one sees that M (PGL(n, C)) is the quotient of
One can always fix the determinant by tensoring by some element of Pic(X) and the only elements of Pic(X) that preserve the determinant are the n-th roots of the trivial bundle, so 
By Atiyah's results, the diagram constructed using (14)
commutes. The action of X[n] with weight n ′ corresponds to the action of :
although the action of S h is different from the action used in (13). Note that the action of X[h] on Z h−1 is free by Lemma A.1.
Remark 2.3. Recalling (7) one has (sum 
2.3. Symplectic and orthogonal bundles. A symplectic bundle or Sp(2m, C)-bundle over the elliptic curve X is a pair (E, Ω), where E is a vector bundle of rank 2m over X and Ω ∈ H 0 (X, Λ 2 E * ) is a non-degenerate symplectic form on E. The Sp(2m, C)-
, where E is a vector bundle of rank n and
is a O(n, C)-bundle and τ is a trivialization of det E (a never vanishing section of det E) compatible with Q, that is τ 2 = (det Q) −1 . An isomorphism between the SO(n, C)-bundles (E 1 , Q 1 , τ 1 ) and (E 2 , Q 2 , τ 2 ) is an isomorphism of the underlying O(n, C)-bundles that sends τ 1 to τ 2 . Note that the existence of a trivialization of det E implies that det E ∼ = O. A direct sum of various SO(n i , C)-bundles is the SO(n, C)-bundle given by the O(n, C)-bundle which is the direct sum of the underlying O(n i , C)-bundles plus the trivialization of the determinant induced by those of the SO(n i , C)-bundles.
Symplectic and orthogonal bundles are particular cases of pairs (E, Θ), where E is a vector bundle and Θ : E → E * is an isomorphism that satisfies Θ = bΘ t . If b = 1, we have an O(n, C)-bundle, and if b = −1 it is a Sp(2m, C)-bundle.
Given the isomorphism Θ : E → E * , for every subbundle F of E we can define its orthogonal complement with respect to Θ,
A subbundle is isotropic with respect to
Let (E, Θ) be a Sp(2m, C)-bundle or an O(n, C)-bundle. Note that µ(E) = 0 since E ∼ = E * . We say that (E, Θ) is semistable if and only if, for any isotropic subbundle
and it is stable if the above inequality is strict for any proper isotropic subbundle. Recall that every parabolic subgroup of O(n, C) or Sp(2m, C) may be described as the subgroup that preserves a partial flag of isotropic subspaces in the standard representation (see for instance [FH, Section 23.3] ). By [Ra2, Proposition 3.12] , if (E, Θ) is a semistable Sp(2m, C)-bundle or O(n, C)-bundle, there exists a reduction of structure group to a parabolic subgroup giving a Jordan-Hölder filtration,
where for every i ≤ k, E i /E i−1 and
are stable vector bundles and Θ induces an isomorphism θ i :
For every semistable Sp(2m, C) or O(n, C)-bundle (E, Θ) we define its associated graded object
where b = −1 for Sp(2m, C)-bundles and b = 1 for O(n, C)-bundles. As happens in the case of vector bundles, the Jordan-Hölder filtration may not be unique but gr(E, Θ) is unique up to isomorphism. We say that a semistable
The notion of S-equivalence is clear. The stability notions of principal bundles were introduced by Ramanathan [Ra1] in terms of the degrees of line bundles constructed with antidominant characters applied to the reduction of the structure group of the bundle to parabolic subgroups. By [Ra1, Remark 3 .1] and [R, Remark 4.3 ] the notions of stability, semistability and polystability of O(n, C) and SO(n, C)-bundles are equivalent to those described above. This statement can be extended to the case of symplectic bundles.
Since SO(2, C) ∼ = C * is abelian, every SO(2, C)-bundle is stable. Whenever n > 2 we have that Z(SO(n, C)) is a subgroup of Z(O(n, C)) and then by [Ra1, Proposition 7.1 and Corollary to Theorem 7.1], a SO(n, C)-bundle is semistable, stable or polystable if it is semistable, stable or polystable as an O(n, C)-bundle. The graded object of a SO(n, C)-bundle is given by the graded object of the underlying O(n, C)-bundle:
S-equivalence of families of symplectic, orthogonal and special orthogonal bundles is defined pointwise, as in the case of families of vector bundles. The moduli functor associating to any scheme Y the set of S-equivalence classes of families of semistable Sp(2m, C), O(n, C) or SO(n, C)-bundles parametrized by Y posseses a coarse moduli space, which we denote by M (Sp(2m, C)), M (O(n, C)) or M (SO(n, C)). Although Ramanathan works in [Ra2] and [Ra3] with principal bundles over smooth projective curves of genus g ≥ 2, his construction can be extended to the g = 1 case and therefore these moduli spaces exist and are normal projective varieties.
Let us recall the following well known result about symplectic and othogonal bundles over smooth projective curves of arbitrary genus.
Proof. The proof of the semistability of the underlying vector bundle of a semistable orthogonal bundle is given in [R, Proposition 4 .2] (see also Proposition 4.6 below). The same proof applies to semistable symplectic bundles. Since for n > 2 a SO(n, C)-bundle is semistable if and only if its underlying orthogonal bundle is semistable, the result can be extended to special orthogonal bundles.
We denote the elements of Pic
Theorem 2.5. Suppose n > 4. We have
where (18), (19), (20) and (21). For every m > 0,
Proof. By [R, Proposition 4.5], the orthogonal bundle (E, Q) is stable if and only if (E, Q)
is an orthogonal direct sum of subbundles (E i , Q i ) which are mutually nonisomorphic with each E i stable. The only stable vector bundles with degree 0 are the line bundles, so E i are line bundles. Every O(1, C)-bundle is isomorphic to (J a , 1) so the only possible stable O(n, C)-bundles are
. The proof of [R, Proposition 4.5] can be extended to symplectic bundles. Then, since there are no stable vector bundles of even rank and degree 0, there are no stable Sp(2m, C)-bundles.
Corollary 2.6. Let n = 2. Any stable SO(n, C)-bundle is isomorphic to one of
The following is immediate after the definition of the associated graded object, Theorem 2.5 and Corollary 2.6.
Every SO(2, C)-bundle is stable and isomorphic to
where L is a line bundle. The degree of a SO(2, C)-bundle is the degree of L.
We can now give a description of the polystable Sp(2m, C), O(n, C) and SO(n, C)-bundles.
Proposition 2.8. A Sp(2m, C)-bundle over an elliptic curve is polystable if and only if it is isomorphic to a direct sum of polystable Sp(2, C)-bundles.
An O(n, C)-bundle is polystable if and only if it is isomorphic to a direct sum of polystable O(2, C)-bundles or it is isomorphic to a direct sum of polystable O(2, C)-bundles and a stable O(m, C)-bundle (where m = 1, 3 or 4).
Let n > 2. Let (E, Q, τ ) be a polystable SO(n, C)-bundle with Stiefel-Whitney class
Proof. By definition (E, Θ) is polystable if and only if it is isomorphic to gr(E, Θ) and then decomposes as follows,
are stable vector bundles of degree 0 and therefore have rank 1. So the factors
This, together with Theorem 2.5, proves the statement for Sp(2m, C) and O(n, C)-bundles.
Every SO(2, C)-bundle is stable. Recall that for n > 2, a SO(n, C)-bundle is polystable if and only if the underlying O(n, C)-bundle is polystable.
Let us take n > 2. By the description of polystable O(n, C)-bundles we have given above, a SO(n, C)-bundle is polystable if and only if it is a direct sum of stable SO(2, C)-bundles of trivial degree and perhaps a SO(m, C)-bundle with stable underlying O(m, C)-bundle. From Theorem 2.5 we see that the only possible SO(m, C)-bundles with stable underlying O(m, C)-bundles are the stable SO(m, C)-bundles given in Corollary 2.6.
By [FM1, Proposition 7.7 and Theorem 7.8 
On the other hand, if (E, Q, τ ) does not lift to the group Spin(2n ′ , C), its underlying vector bundle is isomorphic to
. This implies that the SO(2n ′ , C)-bundles of type 1 lift to Spin(2n ′ , C) and therefore they have trivial Stiefel-Whitney class, while the SO(2n ′ , C)-bundles of type 4 do not lift to Spin(2n ′ , C) and they have non-trivial Stiefel-Whitney class. The odd case is analogous. Theorem 2.9. We have
Proof. This is a straightforward consequence of Corollary 2.6 and Proposition 2.8. The description of M (SO(2, C)) follows from the isomorphism of Lie groups SO(2,
Lemma 2.10.
Proof. If (E j , Θ j ) are polystable O(n, C)-bundles, then by Proposition 2.8 they have, up to isomorphism, the form
.
The statement for Sp(2m, C)-bundles follows from the discussion above and the fact that
where the isomorphism is given by
Proof. By Proposition 2.8, a SO(n, C)-bundle with invariants (n, w 2 ) equal to (2n
where k = 1, 3 or 4 and the (E i,j , Q i,j , τ i,j ) are stable SO(2, C)-bundles of trivial degree.
Recall that an isomorphism of SO(n, C)-bundles is an isomorphism of O(n, C)-bundles that preserves the trivialization τ . If (E 1 , Q 1 ) ∼ = (E 2 , Q 2 ), then the O(2, C)-bundles (E 1,j , Q 1,j ) and (E 2,j , Q 2,j ) are isomorphic, possibly after reordering of the factors. For this order, either
On the other hand, for k = 1, 3 and 4, we have
1) since both SO(k, C)-bundles are stable and by Theorem 2.9 there a unique stable SO(k, C)-bundle up to isomorphism.
As a consequence, we can construct a morphism that inverts the trivialization τ j combined with the morphism that inverts the trivialization of the stable factor. This leaves the trivialization τ of the total SO(n, C)-bundle unchanged.
Lemma 2.12. Let (E 1 , Q 1 , τ 1 ) and (E 2 , Q 2 , τ 2 ) be two polystable SO(2m, C)-bundles with w 2 = 0 of the form
bundles are isomorphic if and only if one can form m pairs of the form
is even.
In the second situation the SO(2, C)-bundles are not isomorphic unless L j ∼ = L * j . If we have an isomorphism of O(2m, C)-bundles that inverts an even number of τ j then the product of all of them remains unchanged and then the SO(2m, C)-bundles are isomorphic.
If our isomorphism of O(2m, C)-bundles inverts an odd number of τ j , then the product of all of them changes its sign and then the SO(2m, C)-bundles cannot be isomorphic.
Recall the universal family of line bundles V x0 1,0 of degree 0. Let us note that
,
is a family of polystable Sp(2, C)-bundles parametrized by X. If, instead of Ω, we take the non-vanishing section of Sym
we obtain a family of polystable O(2, C)-bundles parametrized by X,
* ) can be taken to be the imaginary number √ −1 or − √ −1. We fix τ = √ −1 and we construct the following family of SO(2, C)-bundles of degree 0
Remark 2.13. The restriction of V x0 2 andV x0 2 to two different points of X, x 1 and 
to be the family of polystable O(n, C)-bundles given by the direct sum of (E It follows from Proposition 2.8 that M (SO(n, C)) has two connected components, denoted by M (SO(n, C)) w2 , where w 2 = 0, 1.
The symmetric group S m acts naturally on (Z 2 × m . . . ×Z 2 ) permuting the factors. Using this action we define Γ m as the semidirect product
determined by the commutation relations σc = (σ · c)σ, for any σ ∈ S m and any c ∈ (Z 2 × m . . . ×Z 2 ). The permutation action of the symmetric group and the action of Z 2 on X given by
Let D m be the subgroup of Z 2 × m . . . ×Z 2 given by the tuples c = (c i , . . . , c m ) such that only an even number of c i are equal to −1. We recall that Γ m is the semidirect product of (Z 2 × m . . . ×Z 2 ) and S m . We define ∆ m ⊂ Γ m as the subgroup
The action of Γ m on X× m . . . ×X induces an action of ∆ m .
Remark 2.14. Consider the families V + 1, C) ) are indexed by k = 1, 3 and a = 0, . . . , n k − 1 where n 1 = 4, and n 3 = 4.
The connected components of M (O(2, C)) are indexed by k = 0, 2 and a = 0, . . . , n k − 1 where n 0 = 1 and n 2 = 6.
If m > 1, the connected components of M (O(2m, C)) are indexed by k = 0, 2, 4 and a = 0, . . . , n k − 1 where n 0 = 1, n 2 = 6 and n 4 = 1.
Proof. Since the familiesV x0 n,k,a are parametrized by the connected variety Z (n−k)/2 , all the S-equivalence classes of semistable O(n, C)-bundles parametrized byV x0 n,k,a lie in the same connected component of M (O(n, C) ).
On the other hand if
, we observe that there is no family of semistable O(n, C)-bundles connecting an S-equivalence class parametrized byV x0 n,k,a and an S-equivalence class parametrized byV
where k, a are as in Proposition 2.16. There are natural isomorphisms
For (n, w 2 ) = (2m + 1, 0), (2m + 1, 1) and (2m, 1) we set respectively m ′ = m, m − 1 and m − 2. There are natural isomorphisms
and by Remark 2.14 it factors through ς x0 m . By Zariski's Main Theorem, this map is an isomorphism since it is bijective and M (Sp(2m, C)) is normal. UsingV x0 n,k,a and V x0 n,w2 , we can apply the same construction to describe M (O(n, C)) k,a and M (SO(n, C)) w2 .
HIGGS BUNDLES OVER ELLIPTIC CURVES
3.1. Higgs bundles. A Higgs bundle over an elliptic curve X is a pair (E, Φ), where E is a vector bundle on X and Φ is an endomorphism of E called the Higgs field. Two Higgs bundles, (E 1 , Φ 1 ) and (E 2 , Φ 2 ), are isomorphic if there exists an isomorphism of vector bundles f :
The Higgs bundle is stable if the above inequality is strict for every proper Φ-invariant subbundle and polystable if it is semistable and isomorphic to a direct sum of stable Higgs bundles.
If (E, Φ) is semistable, then it has a Jordan-Hölder filtration of Φ-invariant subbundles
where the restriction of the Higgs field to every quotient E i /E i−1 induces a stable Higgs bundle
For every semistable Higgs bundle (E, Φ) we define its associated graded object
Although the Jordan-Hölder filtration may not be uniquely determined by (E, Φ), the isomorphism class of gr(E, Φ) is. Two semistable Higgs bundles (E, Φ) and
A family of Higgs bundles parametrized by Y is a pair E = (V, Φ), where V is a family of vector bundles parametrized by Y and Φ is a section of End V. For every y ∈ Y , we will write E y for the Higgs bundle over X obtained by restricting E to X × {y}. Two families of semistable Higgs bundles are S-equivalent if they are pointwise S-equivalent.
Consider the moduli functor that associates to every scheme Y the set of S-equivalence classes of families of semistable Higgs bundles parametrized by Y . By [Ni] and [Si1] there exists a coarse moduli space M(GL(n, C)) d of S-equivalence classes of semistable Higgs bundles of rank n and degree d associated to this moduli functor. The points of M(GL(n, C)) d correspond to S-equivalence classes of semistable Higgs bundles and can be identified also with isomorphism classes of polystable Higgs bundles since in every S-equivalence class there is always a polystable Higgs bundle which is unique up to isomorphism. The locus of stable Higgs bundles
Special linear and projective Higgs bundles.
A special linear or SL(n, C)-Higgs bundle over the elliptic curve X is a triple (E, Φ, τ ) where (E, τ ) is a SL(n, C)-bundle and Φ is an endomorphism of E such that tr Φ = 0. As we saw in Section 2.2, we can forget about τ and then a SL(n, C)-Higgs bundle over X is a Higgs bundle (E, Φ) with trivial determinant and traceless Higgs field, i.e. det E ∼ = O, tr Φ = 0. Two SL(n, C)-Higgs bundles are isomorphic if they are isomorphic Higgs bundles.
A SL(n, C)-Higgs bundle is semistable, stable or polystable if it is, respectively, a semistable, stable or polystable Higgs bundle. Two semistable SL(n, C)-Higgs bundles are S-equivalent if they are S-equivalent Higgs bundles, and two families of SL(n, C)-Higgs bundles are S-equivalent if they are pointwise S-equivalent. Using the moduli problem for Higgs bundles, we define the moduli functor for SL(n, C)-Higgs bundles by restricting to trivial determinant and traceless Higgs fields. We denote by M(SL(n, C)) the coarse moduli space associated to this moduli problem and by M st (SL(n, C)) the stable locus, which is a Zariski open subset of M(SL(n, C)).
Take the morphism (det, tr) from M(GL(n, C)) 0 to Pic
A PGL(n, C)-Higgs bundle over the elliptic curve X is a pair (P(E), Φ) where P(E) is a projective bundle given by the vector bundle E and Φ is an element of H 0 (X, End E) with tr Φ = 0. There exists a natural isomorphism between End E and End(L ⊗ E) and then an isomorphism between the PGL(n, C)-Higgs bundles (P(E 1 ), Φ 1 ) and (P(E 2 ), Φ 2 ) corresponds to an isomorphism f :
is respectively a semistable, stable or polystable Higgs bundle. If (P(E), Φ) is semistable and gr(E, Φ) = (gr E, gr Φ), we define the associated graded object of (P(E), Φ) as the pair (P(gr E), gr Φ). Two semistable PGL(n, C)-Higgs bundles are S-equivalent if they have isomorphic graded objects.
Following Remark 2.1, we require that a family of PGL(n, C)-Higgs bundles (P(E), Φ) comes from a family of Higgs bundles (E, Φ). Define S-equivalence of families of semistable PGL(n, C)-Higgs bundles pointwise and consider the moduli functor that associates to every scheme Y the set of S-equivalence classes of families of semistable PGL(n, C)-Higgs bundles of topological type d parametrized by Y . There exists a coarse moduli space M(PGL(n, C)) d associated to this functor and, if d is a representative of d, it can be proved that M(PGL(n, C)) d is the quotient of (tr)
and therefore
3.3. Symplectic and orthogonal Higgs bundles. A Sp(2m, C)-Higgs bundle over the elliptic curve X is a triple (E, Ω, Φ), where (E, Ω) is a Sp(2m, C)-bundle and Φ ∈ H 0 (X, End E) is an endomorphism of E which anticommutes with Ω, i.e. for every x ∈ X and every u, v ∈ E x ,
is an endomorphism of E which anticommutes with Q, i.e. for every x ∈ X and every u, v ∈ E x ,
Two O(n, C)-Higgs bundles (resp. SO(n, C)-Higgs bundles) (E, Q, Φ) and
Φf . The following notions of stability, semistability and polystability of Sp(2m, C), O(n, C) and SO(n, C)-Higgs bundles are the notions of stability worked out in [GGM] (see also [AG] for the stability of SO(n, C)-Higgs bundles).
Let (E, Θ, Φ) be a Sp(2m, C)-Higgs bundle or an O(n, C)-Higgs bundle. Note that µ(E) = 0 since E ∼ = E * . We say that (E, Θ, Φ) is semistable if and only if, for any
and it is stable if the above inequality is strict for any proper Φ-invariant isotropic subbundle. If (E, Θ, Φ) is a semistable Sp(2m, C)-Higgs bundle or O(n, C)-Higgs bundle we have a Jordan-Hölder filtration (see for instance [GGM] ) of Φ-invariant subbundles, consisting of 
If E ⊥Θ k /E k is non-zero and Φ is the Higgs field on it induced by Φ, Θ induces a nondegenerate symplectic or symmetric form Θ anticommuting with Φ, in such a way that
We define the associated graded object of a semistable Sp(2m, C) or O(n, C)-Higgs bundle (E, Θ, Φ) in terms of a Jordan-Hölder filtration,
, where b = −1 for Sp(2m, C)-Higgs bundles and b = 1 for O(n, C)-Higgs bundles. As in the previous cases, the Jordan-Hölder filtration may not be unique, but gr(E, Θ, Φ) is unique up to isomorphism. For n > 2, a SO(n, C)-Higgs bundle is semistable, stable or polystable if it is semistable, stable or polystable as an O(n, C)-Higgs bundle. The graded object of a SO(n, C)-Higgs bundle is given by the graded object of the underlying O(n, C)-Higgs bundle.
We define stability and S-equivalence of families pointwise, as we did for families of Higgs bundles. S-equivalence between families of stable objects implies isomorphism pointwise. The moduli functors are defined by associating to every scheme Y the set of S-equivalence classes of families parametrized by Y . In [Si3] it is proved that there exist moduli spaces associated to these moduli functors; we denote them respectively by M(Sp(2m, C)), M(O(n, C)) k,a and M(SO(n, C)) ω2 . We denote the stable loci by
3.4. Normality of the moduli spaces. Normality is an important local property of some algebraic varieties whose study is simplified by the following result (see for example [Ha, Chap II.8] 
Recall that Γ R = R × Z Γ, where Γ denotes the universal central extension by Z of the fundamental group π 1 (X). To study the normality of the moduli space M(G) d of G-Higgs bundles it is enough, by the Isosingularity Theorem of [Si3] , to study the normality of the moduli space R(G) d of central representations of Γ R into G. Recall that the latter is a GIT quotient of the space Hom c (Γ R , G) d of central representations of Γ R in G with topological invariant d ∈ π 1 (G) by the adjoint action of G.
Proposition 3.2. ([MFK, Section 0.2]) Suppose that Y is a categorical quotient of Z by the complex reductive Lie group G. If Z is normal and locally integral, then Y is normal and locally integral.
We focus our study on the normality of Hom c (Γ R , G) d . If ρ is a central representation of topological type 0, one has ρ(R) = 1. Therefore the space Hom c (Γ R , G) 0 is identified with the space Hom(π 1 (X), G) 0 of representations of the fundamental group of the curve with topologically trivial invariant. Since π 1 (X) ∼ = Z × Z, we have that Hom(π 1 (X), G) is the commuting variety of the group G,
Also the commuting variety of a Lie algebra g, defined by
will be important for us. Commuting varieties have been extensively studied. For example, one can check that they are reduced algebraic varieties and, by the following result of [Ri] , C(g) is irreducible and therefore integral. When G is semisimple and simply connected, so is C(G).
Proposition 3.3. ([Ri, Corollary 2.5 and Theorem C]) Let G be a semisimple simply connected complex Lie group and let g be a reductive Lie algebra. Then C(G) and C(g) are irreducible algebraic varieties.
The property of C(G) and C(g) being normal has not been determined in general but there is a long-standing conjecture stating that the commuting variety C(g) is always normal (see [Po] and [Pr] ). The following result states that C(g) satisfies Serre's condition (R1). If C(g) were Cohen-Macaulay then it would automatically satisfy Serre's condition (S2) and would therefore be a normal variety. Up to now, this has only been determined for gl(n, C) and lower rank using computations performed by the computer program Macaulay.
Proposition 3.5. ([BMM]
for n = 3 and [Hr] for n = 4) Let n ≤ 4. Then the commuting variety C(gl(n, C)) is Cohen-Macaulay.
Note that C(GL(n, C))
is an open subset of C(gl(n, C)) given by the non-vanishing of the determinant.
Corollary 3.6. Let n ≤ 4. Then the commuting varieties C(GL(n, C)) and C(gl(n, C)) are normal. Theorem 3.7. Let n ≤ 4. Then the moduli spaces M(GL(n, C)) 0 , M(SL(n, C)) and M(PGL(n, C)) 0 are normal.
Proof. By Proposition 3.3 and Corollary 3.6, the variety Hom(π 1 (X), GL(n, C)) is normal and integral. By Proposition 3.2 the moduli space of representations R(GL(n, C)) 0 is normal. This implies that M(GL(n, C)) 0 is normal by the Isosingularity Theorem [Si3, Theorem 10.6].
For M(SL(n, C)), in view of (24) and the fact that Pic 0 (X) × H 0 (X, O) is smooth, it follows that M(SL(n, C)) is a complete intersection in some open set in M(GL(n, C)) 0 , so (S2) holds. It is easy to check that (R1) also holds (or see Theorem 4.27).
Finally, for M(PSL(n, C)) 0 , use the result for M(SL(n, C)) and (25).
DESCRIPTION OF THE MODULI SPACES
4.1. Stability in terms of the underlying bundle. The triviality of the canonical line bundle simplifies the study of the semistability of Higgs bundles over elliptic curves.
Proposition 4.1. The Higgs bundle (E, Φ) is semistable if and only if E is semistable.
Proof. If the vector bundle E is semistable, every subbundle F satisfies µ(F ) ≤ µ(E), so the Higgs bundle (E, Φ) is semistable too. Suppose E is not semistable and take its Harder-Narasimhan filtration
where the E i = F i /F i−1 are semistable with µ(E i ) > µ(E j ) if i < j. In particular we have H 0 (X, Hom(E i , E j )) = 0 if i < j. The subbundle F 1 = E 1 has µ(F 1 ) > µ(E). Suppose Φ(F 1 ) is non-zero and take F ℓ such that Φ(F 1 ) ⊆ F ℓ but Φ(F 1 ) F ℓ−1 . Thus Φ induces a non-zero morphism from E 1 = F 1 to E ℓ = F ℓ /F ℓ−1 , but there are no non-zero morphisms unless ℓ = 1. Then F 1 is Φ-invariant and (E, Φ) is not semistable.
Corollary 4.2. If gcd(n, d) = 1, then (E, Φ) is stable if and only if E is stable.
We need to extend Corollary 4.2 to the non-coprime case.
Proposition 4.3. (E, Φ) is stable if and only if E is stable.
Proof. Take first E strictly semistable and indecomposable, so E ∼ = E ′ ⊗ F h , where h = gcd(n, d) > 1 and E ′ is stable of rank n ′ = n h and degree
We have End
) and every endomorphism of E has the form Φ = id E ′ ⊗φ for some φ ∈ End F h .
The vector bundle F h has a unique subbundle isomorphic to O. Let φ ∈ End F h . If φ is non-zero, φ(O) is either zero or a subbundle of F h with a non-zero section, so φ(O) ⊆ O. If φ = 0, O is again φ-invariant. The subbundle E ′ ⊗ O contradicts the stability of (E, Φ). Now consider E strictly semistable and decomposable. One can write
where the E ′ j are stable vector bundles of rank n ′ and degree
⊂ E j and then the Higgs bundle (E, Φ) decomposes in a direct sum of (E j , Φ j ) where Φ j is the restriction to E j . This contradicts stability of (E, Φ) when s = 1.
This implies that (E, Φ) is strictly semistable unless all h j = 1 and E ∼ = E ′ ⊗ O h . In this case φ ∈ End O k = {k × k matrices}. Choose an eigenvector v for φ. Then E ′ ⊗ v contradicts stability of (E, Φ) and (E, Φ) is strictly semistable.
Corollary 4.4. Let (E, Φ) be polystable of rank n and degree d, and h = gcd(n, d). Then
where E i is a stable bundle of rank n ′ = n h and degree
Furthermore (E, Φ) is polystable only if E is polystable.
Remark 4.5. Although the polystability of the underlying vector bundle is a necessary condition for the polystability of the Higgs bundle, it is not sufficent.
To illustrate this fact, take (E, Φ) such that E ∼ = O ⊕ O and Φ = A ⊗ 1 X , where A is non-diagonalizable. It follows that (E, Φ) is an indecomposable Higgs bundle. Since E is a strictly polystable vector bundle, (E, Φ) is not stable. Also, (E, Φ) is indecomposable so it is not possible to express (E, Φ) as a direct sum of stable Higgs bundles.
The following result is well known for Sp(2m, C), O(n, C) or SO(n, C) over smooth projective curves of arbitrary genus. We give here a proof specific for g = 1.
Proposition 4.6. If (E, Θ, Φ) is a semistable Sp(2m, C) or O(n, C)-Higgs bundle, then (E, Φ) is semistable. If n > 2 and (E, Q, Φ, τ ) is a semistable SO(n, C)-Higgs bundle, then (E, Φ) is semistable.
Proof. Suppose that (E, Φ) is not semistable and take the first term of its Harder-Narasimhan filtration . So F 1 is isotropic and contradicts the semistability of (E, Θ, Φ). The statement for SO(n, C)-Higgs bundles follows from the fact that (when n > 2) a SO(n, C)-Higgs bundle (E, Q, Φ, τ ) is semistable if and only if the underlying O(n, C)-Higgs bundle (E, Q, Φ) is semistable.
Combining Proposition 4.6 with Proposition 4.1 gives us
is a semistable SO(n, C)-bundle.
Proposition 4.8. Let (E, Θ, Φ) be a stable O(n, C) or Sp(2m, C)-Higgs bundle. Then Φ = 0 and (E, Θ) is a stable O(n, C) or Sp(2m, C)-bundle.
Let (E, Q, Φ, τ ) be a stable SO(n, C)-Higgs bundle. Then Φ = 0 and (E, Q, τ ) is a stable SO(n, C)-bundle.
Proof. By Proposition 4.6 (E, Φ) is semistable. If (E, Φ) is stable, then E is stable by Proposition 4.3; since deg E = 0, it follows that E has rank 1. Since Φ anticommutes with Θ, this implies that Φ = 0.
Assume now that (E, Φ) is not stable and take (F 1 , Φ 1 ) to be the first term of a JordanHölder filtration; since Φ anticommutes with Θ, one infers that F ⊥Θ 1 is Φ-invariant. Following [R] , we define the Φ-invariant subbundles W and V generated by F 1 ∩ F ⊥Θ 1 and
respectively. Note that V = W ⊥Θ and then the exact sequence
Recalling (17), one has that deg(W ) = deg(F 1 ) = 0. This implies that W = 0 by the stability of (E, Θ, Φ) and the fact that W is isotropic and Φ-invariant.
where Φ 2 is the restriction of Φ to F 
No L i is isotropic, otherwise it would contradict the stability of (E, Θ, Φ) since L i is Φ-invariant. Thus Θ restricts to L i and since Θ anticommutes with the Higgs field we have φ i = −φ i . Therefore Φ = 0. Let (E, Q, Φ, τ ) be a polystable SO(n, C)-Higgs bundle. Then (E, Q, τ ) is a polystable SO(n, C)-bundle.
Proof. This follows from Proposition 4.8 and the definition of polystability. Proof. This follows from Propositions 4.8 and 2.8. For any Higgs bundle (E, Φ) in the fibre of E there exists a path connecting (E, Φ) to (E, 0). So the fibre is connected.
SO(n, C). Then we have a morphism between moduli spaces
a G : M(G) d −→ M (G) d
Corollary 4.13. For any topological type
Proof. This follows since M (G) d is connected by (11), (13), (16) and Theorem 2.17.
The moduli space of Higgs bundles.
The abelian group structure defined on X induces naturally an abelian group structure on T * X. Recall here that the canonical bundle is trivial, so
The moduli space M(GL(1, C)) 0 is naturally identified with T * Pic 0 (X), so the isomor- (6) gives an isomorphism
Theorem 4.14. Let n and d be two integers and write h = gcd(n, d). If h > 1, we have
Proof. If gcd(n, d) = 1, then there are no strictly semistable vector bundles nor strictly semistable Higgs bundles, so
Taking differentials we obtain the isomorphism
Due to Proposition 4.3, every stable Higgs bundle has a stable underlying vector bundle, so
Proof. This follows from Proposition 4.15 and the definition of the isomorphism η Proof. Consider the family of Higgs bundles over X × C ∼ = T * X such that the restriction to X × (x, t) is given by the pair
where λ = 1 n t. We can check that for any (x, t) ∈ T * X one has
h , we take the fibre product of h copies of E (i) There exists a bijective morphism
and by Remark 4.18 it factors through Sym h T * X giving the required bijective morphism. Since Sym h T * X is normal, (ii) follows from Zariski's Main Theorem. The continuity of η x0 n,d and the irreducibility of Sym h T * X imply (iii). (iv) follows from Theorem 3.7.
Although we cannot prove normality except when n ≤ 4, d = 0, or gcd(n, d) = 1, we can identify the singular set of M(GL(n, C) d in all cases. 
Proof. Note first that S is the image under ν
This union coincides with the union of the fixed point sets of the elements of S h acting on T * Z h . Since codim ∆ = 2, the image of
To see that the points outside S are smooth, we consider the deformation complex of a Higgs bundle (E, Φ). This gives rise to an exact sequence
where T is the infinitesimal deformation space of (E, Φ), the maps e i (Φ) are given by e i (Φ)(Ψ) = [Ψ, Φ] and e 1 (Φ) is the Serre dual of e 0 (Φ). (For this, see [Ni] and note that in our case the canonical bundle is trivial.) If (E, Φ) is polystable with non-isomorphic summands
for some µ i ∈ C. Hence codim(im e 0 (Φ)) = h. By duality dim(ker e 1 (Φ)) = h, so dim(T ) = 2h.
On the other hand, we have a family of polystable Higgs bundles parametrized by T * Z h , which has dimension 2h. It follows that the local deformation space of (E, Φ) is a complete family and is smooth. So the point of the moduli space represented by (E, Φ) is smooth.
Remark 4.21. Note that this gives a direct proof that Sing(M(GL(n, C) d )) has codimension 2 without using Proposition 3.4. Moreover, we have shown that a small deformation of a polystable Higgs bundle with non-isomorphic direct summands is polystable. In fact, one can show directly, without using deformation theory, that, if (E, Φ) is a semistable Higgs bundle such that gr(E, Φ) has non-isomorphic direct summands, then (E, Φ) is polystable. To see this, it is sufficient to show that, if E 1 and E 2 are stable bundles of the same slope and (E 1 , Φ 1 ) ∼ = (E 2 , Φ 2 ), then any extension
and any endomorphism of E has the form id E1 ⊗φ for some endomorphism φ of F 2 . Now φ = λ id F2 +ν where ν 2 = 0, which implies that Φ 1 = Φ 2 = λ id E1 , contradicting the hypothesis that (E 1 , Φ 1 ) ∼ = (E 2 , Φ 2 ). Finally, if E ∼ = E 1 ⊕ E 1 but Φ 1 = Φ 2 , then Φ can be written as a diagonalisable 2 × 2 matrix, giving the required splitting of (E, Φ).
A new moduli problem.
In view of the fact that the normality of the moduli space is in general an open question, we shall now define a moduli functor whose associated moduli space is the normalization of M(GL(n, C)) d . To do so, we modify the definition of family.
We say that a family of semistable Higgs bundles F → X × Y is locally graded if for every point y of Y there exists an open subset U ⊂ Y containing y and a set of families E 1 , . . . , E ℓ where each E i is a family of stable Higgs bundles parametrized by U such that for every point y ′ of U we have
and therefore F | X×U ∼ S i E i . The new moduli functor associates to a scheme Y the set of S-equivalence classes of locally graded families of semistable Higgs bundles of rank n and degree d parametrized by Y .
A family E parametrized by Z is said to have the local universal property if, for any family F parametrized by Y and any point y ∈ Y , there exists a neighbourhood U containing y and a (not necessarily unique) morphism f : U → Z such that F | U ∼ f * E. Families with the local universal property are very useful for describing moduli spaces as we can see in the following result. The definition of locally graded families is justified thanks to the next result. Proof. Take F to be any locally graded family of semistable Higgs bundles of rank n and degree d parametrized by Y . Set h = gcd(n, d), n ′ = n/h and d ′ = d/h. Since F is locally graded, for every y ∈ Y there exists an open neighborhood U and a set of families E 1 , . . . E h of stable Higgs bundles of rank n ′ and degree d ′ parametrized by U and such that 
Proof. Since Sym h T * X = T * Z h / S h is an orbit space, by Propositions 4.22 and 4.23 and Remark 4.18, the coarse moduli space N (GL(n, C)) d exists and is isomorphic to
The last statement follows from Theorem 4.19.
Moduli spaces of special linear and projective Higgs bundles.
Theorem 4.25. M st (SL(1, C)) = {pt},
Proof. When the determinant is trivial the vector bundle has degree 0. The only stable Higgs bundles with degree 0 are the Higgs line bundles and therefore (O, 0) is the only stable SL(n, C)-Higgs bundle.
Proof. We recall from Theorems 4.14 and 4.16 that there exist stable Higgs bundles of rank n and degree d if and only if gcd(n, d) = 1. Recall that a stable PGL(n, C)-Higgs bundle of degree d can be represented by a pair (P(E), Φ), where E is a stable vector bundle of degree d and tr Φ = 0. When gcd(n, d) = 1, E is determined up to tensoring by a line bundle L, so P(E) is uniquely determined. Since E is stable, the endomorphism Φ is a scalar multiple of the identity; so Φ = 0. Thus (P(E), Φ) is uniquely determined.
We now study the preimage of (det, tr). We have a morphism
Take the bijective morphism given in Theorem 4.19 to construct the diagram
One can easily check that this diagram commutes. 
where the action of S n on T * Z n−1 = T * X× n−1 . . . ×T * X is induced by the action on Z n−1 = X× n−1 . . . ×X used in (13). (24) and (27), we have a bijective morphism
Proof. (i) By
The action of S n on T * Z n−1 induced by the action of S n on Z n−1 used in (13) gives us an isomorphism between T * Z n−1 / S n and (sum n T * X ) −1 ((x 0 , 0) ). (ii) follows from the continuity ofη x0 n and the irreducibility of the source.
(iii) and (iv) are proved in the same way as Theorem 4.20. The only changes are to replace End E by End 0 E and note that h = n. This gives dim(T ) = 2(n − 1) = dim(T
Recall the action of X on Sym h X defined in (14); we extend it to an action of X on Sym h T * X. The commutativity of (15) implies the commutativity of
where the right arrow is the bijective morphism of Theorem 4.19. Recall that the action of X[n] with weight n ′ corresponds to the action of X[h] with weight 1 and that the action of X[h] commutes with the action of the symmetric group S h .
Note that h = gcd(n, d) is equal to n when d = 0.
Theorem 4.28. Consider the moduli space M(PGL(n, C)) d associated to the usual moduli problem. (i) There exists a bijective morphism
where the action of
with the set of points represented by polystable
Higgs bundles for which at least two of the direct summands are isomorphic.
Proof. The proof is similar to that of Theorem 4.27.
(i) By (25), (27) and (28), we have a bijective morphism
(ii) follows from the continuity ofη x0 n, d
and the irreducibility of the source. To prove (iii) we again modify the proof of Theorem 4.20 by replacing End E by End 0 E, giving dim(T ) = 2(h − 1) = dim(M(PGL(n, C))d).
(iv) follows from Theorem 4.27 when we note that, by Atiyah's results,
follows by Zariski's Main Theorem from Theorem 3.7. In order to obtain normal moduli spaces in the cases not covered by Theorems 4.27 (iv) and 4.28 (iv), we again need to restrict ourselves to locally graded families.
A locally graded family of semistable SL(n, C)-Higgs bundles is a family of SL(n, C)-Higgs bundles which is locally graded as a family of semistable Higgs bundles. The existence of a moduli space N (SL(n, C)) for the corresponding moduli functor follows from the existence of N (GL(n, C)) 0 and
A locally graded family of semistable PGL(n, C)-Higgs bundles is a family (P(V), Φ) of PGL(n, C)-Higgs bundles which is the projectivization of a locally graded family of semistable Higgs bundles (V, Φ). It follows that the existence of N (GL(n, C)) d implies the existence of N (PGL(n, C)) d and furthermore
As in the case of (27) and (28), one can easily check that the diagrams
Note that in the commuting diagrams (29) and (30) we have an isomorphism ξ x0 n,d for any value of n and d, while in the case of (27) and (28) : (
Moreover, there are natural bijective morphisms
and
Proof. The proofs of (31) and (32) follow the proofs of Theorems 4.27 and 4.28. The remaining statements follow from the universal property of M(SL(n, C)) and M(PGL(n, C)) d , the normality of the quotients of T * X× n−1 . . . ×T * X by the finite groups S n and S n ×X[n] and Zariski's Main Theorem.
Remark 4.30. By Lemma A.2 we have that
where the action of S h of T * Z h−1 is induced by the action of S h on Z h−1 used in Remark 2.2 and is different from the action used in (31). 
Proof. This follows from Proposition 4.8.
Recall the universal family of Higgs line bundles E 
is a family of polystable Sp(2, C)-Higgs bundles parametrized by T * X. Similarly, we can construct a family of polystable O(2, C)-Higgs bundles parametrized by T * X,
and a family of stable SO(2, C)-Higgs bundles of degree 0,
Remark 4.32. The restrictions of E x0 2 andE x0 2 to two different points of T * X, z 1 = (x 1 , t 1 ) and z 2 = (x 2 , t 2 ), give S-equivalent (isomorphic) Higgs bundles (
2 ) z2 if and only if z 1 = −z 2 . Two points z 1 = z 2 of T * X give non-
2 ) x1 .
Now we define E x0
2m to be the family of polystable Sp(2m, C)-Higgs bundles induced by taking the fibre product of m copies of E 2 . Note that E 
Analogously, for all values of (n, w 2 ), we define families of polystable SO(n, C)-Higgs bundles E x0 n,w2 as follows:
• E x0 2m,0 is given by m copies of E 2 and therefore it is parametrized by
2m+1,0 is given by the direct sum of (E st 1,0 , Q st 1 , 0, 1) and m copies of E 2 and therefore it is parametrized by
2m+1,1 is given by the direct sum of (E Remark 4.33. Consider the action of Γ m ′ on T * Z m ′ induced by the action of Γ m ′ on Z m ′ used in Remark 2.14 (i.e. the action induced by Z 2 acting on T * X as −1 · (x, t) = (−x, −t)). Take the families E x0 2m ,E x0 n,k,a and E x0 n,w2 when (n, w 2 ) is (2m, 1), (2m + 1, 0) or (2m + 1, 1). These families are parametrized by
. . ×T * X for some m ′ . By Remarks 4.32 and 2.14, two points z 1 , z 2 ∈ T * Z m ′ parametrize isomorphic (Sequivalent) Higgs bundles on these families if and only if z 1 = γ · z 2 for some γ ∈ Γ m . By Remarks 4.32 and 2.15, (E x0 2m,0 ) z1 is isomorphic (S-equivalent) to (E 
Proof. (i)
The corresponding families E x0 2m ,E x0 n,k,a or E x0 n,w2 induce morphisms For the proof of (iv) and (v) take a G-Higgs bundle (E, Θ, Φ) (resp. (E, Θ, Φ, τ )) and denote by P the principal G-bundle associated to (E, Θ) (resp. (E, Θ, τ )) and by ϕ the section of the adjoint bundle P (g) associated to Φ. If T is the infinitesimal deformation space of (E, Θ, Φ) (resp. (E, Θ, Φ, τ )), by [BR] one has the exact sequence
where e i (ϕ)(ψ) = [ψ, ϕ] and e 1 (ϕ) is the Serre dual of e 0 (ϕ). Recall that the canonical bundle is trivial in our case. The standard representation of G gives us an isomorphism between H i (X, P (g)) and H i (X, End E) Θ , where the latter is given by the elements Ψ of H i (X, End E) such that Θ(u, Ψ(v)) = −Θ(Ψ(u), v) for u, v in E x and every point x ∈ X. The maps e i (ϕ) correspond to
From this point the proof is similar to that of Theorem 4.20, replacing H 0 (X, End E) by H 0 (X, End E) Θ and taking into account in each case the dimension of dim(M(G) d ). As in Section 4.3, we modify the moduli problem in such a way that the associated moduli space will be isomorphic to the normalization of M(G) d .
We say that a family of semistable Sp ( 
We define locally graded families of semistable O(n, C)-Higgs bundles in similar terms; the only change is that there might exist a stable O(k, C)-
Analogously, we say that a family of semistable SO(n, C)-
For G = Sp(2m, C), O(n, C) and SO(n, C), we define a new moduli functor associating to any scheme Y the set of S-equivalence classes of locally graded families of semistable G-Higgs bundles parametrized by Y . 
Theorem 4.37. There exist coarse moduli spaces N (Sp(2m, C)), N (O(n, C)) (k,a) and N (SO(n, C)) w2 . Furthermore, there are isomorphisms
is an orbit space, the theorem follows from Proposition 4.36 and Remark 4.33. Note that the isomorphisms are defined as follows
where we write ξ Remark 4.38. If an orbifold is defined as a global quotient Z/Γ, its cotangent orbifold bundle is the orbifold given by T * Z/Γ, where the action of Γ on T * Z is the action induced by the action of Γ on Z.
Let G be GL(n, C), SL(n, C), PGL(n, C), Sp(2m, C), O(n, C) or SO(n, C). Denote by M (G) d and N (G) d the orbifolds given by the quotients Z G 
THE HITCHIN MAP
5.1. Description of the Hitchin map. Let q n,1 , . . . , q n,n be the standard basis for the invariant polynomials of a rank n matrix. The Hitchin map is defined in [Hi2] by evaluating this basis on the Higgs field:
is a polystable Higgs bundle of rank n and degree d,
where the E i are stable and
When we apply q n,i to Φ we obtain polynomials in
The image of the Hitchin map is always contained in a subvariety of dimension h which we denote by B n,d . If D λ is the diagonal matrix with eigenvalues λ = (λ 1 , . . . , λ h ) we can construct the following bijective morphism
It is immediate from the definitions of (33), (34) and (35) that the diagram
The Hitchin map for a classical structure group G is defined in [Hi2] by evaluating the invariant polynomials for the adjoint representation of G on its Lie algebra on the Higgs field:
, and consider the induced action of Γ G,d on C G,d . Consider also the projection
In each case, the invariant polynomials for the adjoint representation of G on its Lie algebra allow us to construct a bijective morphism
and we can extend (36) to the rest of the classical complex Lie groups covered in this article: t g = (t 1 , . . . , t h ),
We call a point of B n,d generic if it is the image under β n,d of the S h -orbit of some t g . An arbitrary point of B n,d is the image under β n,d of a h-tuple of the form
Proof. The centralizer Z S h (t g ) of t g in S h is trivial. Hence the centralizer of any element of T * X × · · · × T * X of the form
is also trivial. If two tuples ((x 1 , t 1 ), . . . , (x h , t h )) and ((x ′ 1 , t 1 ), . . . , (x ′ h , t h )) lie in the same S h -orbit, then they are related by the action of an element of Z S h (t g ). Since this group is trivial, it follows that π
which projects to (t 1 , . . . , t h ), which is isomorphic to X× h . . . ×X. On the other hand, the centralizer of t a in S h is
where the factor S mi acts only on the entries of t a equal to t i . Two tuples of T * X × · · · × T * X that project to t a lie in the same S h -orbit if and only if some element of Z S h (t a ) sends one tuple to the other. Let us write (T * X × · · · × T * X) ta for the set of tuples as above that project to t a . We have
where the action of S mi permutes the entries of a tuple that are pairs of the form (x ij , t i ).
We can easily see that (T * X × · · · × T * X) ta ∼ = X × · · · × X and then
Note from (4) and (6) that Sym h X is a fibration over X with fibre P h−1 . 
Note that the groups SL(n, C) and PGL(n, C) are Langlands dual groups and thatB n =B n,0 .
Lemma 5.3. Let e be any element ofB n and e ′ be any elementB n, d . Then
Proof. Sinceb n andb n, d are induced by b n,0 and b n,d , this follows from the fact that
The generic elements e g and e ′ g ofB n andB n, d come from a tuple t g of the form (39) such that t i = 0. Analogously, the arbitrary elements e a and e ′ a ofB n andB n, d come from a tuple t a of the form (40) such that
Recall the definition of A ℓ given in (12) and the isomorphism u ℓ : Z ℓ−1 n (e g ) ∼ = A n andb
Let e a ∈B n and e Remark 5.7. The generic fibre of the Hitchin fibration N (PGL(n, C)) 0 →B n,0 =B n and the corresponding fibre of the Hitchin fibration N (SL(n, C)) →B n are isomorphic to X× n−1 . . . ×X, which is a self-dual abelian variety.
The arbitrary fibre of the Hitchin fibration N (PGL(n, C)) 0 →B n,0 and the corresponding fibre of the Hitchin fibration N (SL(n, C)) →B n are fibrations over X× ℓ−1 . . . ×X, which is a self-dual abelian variety. By (38), we have the following commuting diagram for the cases considered above:
The elements of C× m 
Proof. Since t i = −t i and t i = ±t j for every i, j such that i = j, the stabilizer in Γ m ′ of t g is trivial and then the stabilizer of every tuple of the form
is trivial too. This implies that every such tuple is uniquely determined by the choice of (x 1 , . . . , x m ′ ), and then π −1
Since the stabilizer in Γ m ′ of t a is
we have
Note that Sym m0 (X/Z 2 ) ∼ = Sym m0 P 1 ∼ = P m0 . Recall that Sym m X is a projective bundle over X. . . . ×X with fibre P m0 × P m1−1 × · · · × P m ℓ −1 .
Remark 5.11. Note that the groups Sp(2m, C) and SO(2m + 1, C) are Langlands dual groups and the Hitchin bases for N (Sp(2m, C)) and N (SO(2m + 1, C)) 0 are the same. The generic fibre of the Hitchin fibration for N (Sp(2m, C)) and the corresponding fibre of the Hitchin fibration for N (SO(2m + 1, C)) 0 are isomorphic to X× m . . . ×X, which is a self-dual abelian variety.
The fibre of the Hitchin fibration for N (Sp(2m, C)) over an arbitrary point of the Hitchin base and the fibre of the Hitchin fibration for N (SO(2m + 1, C)) 0 over the same point are fibrations over X× ℓ . . . ×X, which is a self-dual abelian variety. The fibres are isomorphic to P m0 × P m1−1 × · · · × P m ℓ −1 .
Recall the finite group ∆ m defined in (23). Thanks to the natural projection T * X ∼ = X × C → C we define . . . ×X as follows. Suppose that for σ ∈ S m we denote by f σ the permutation of X× m . . . ×X associated to σ. We define the r-action of σ to be the morphism r • f σ • r.
Consider the elements of C m of the form t g = (t 1 , . . . , t m )
where t i = 0 and t i = ±t j . We call a point of B 2m,0 generic if it is the image under β 2m,0 of some ∆ m -orbit of t g . There is a special set of points of B 2m,0 that come from tuples of the form t s1 = (−t 1 , t 1 , m1−1 . . . , t 1 , t 2 , m2 . . ., t 2 , . . . , t ℓ , m ℓ . . ., t ℓ ),
where t i = ±t j if i = j, and for every i we have t i = 0 and m i even. If our point of B 2m,0 is given by a tuple different from t g and t s1 we can always find a representative of the ∆ m -orbit with the form t s2 = (0, m0 . . ., 0, t 1 , m1 . . ., t 1 , . . . , t ℓ , m ℓ . . ., t ℓ ),
where t i = ±t j if i = j and for every i > 0 we have t i = 0.
Proposition 5.12. π Proof. The first result follows from the observation that the stabilizer of t g is trivial.
The stabilizer of t s1 is Z ∆m (t s1 ) = Z ∆m 1 ((−t 1 , t 1 , m1−1 . . . t 1 )) × S m2 × · · · × S m ℓ .
We can check that Z ∆m 1 ((−t 1 , t 1 , m1−1 . . . t 1 )) is given by the elements cσ of ∆ mi such that σ sends the first entry of (−t 1 , t 1 , m1−1 . . . t 1 ) to the i-th entry and c inverts the first and the i-th entry. This shows that the action of Z ∆m 1 ((−t 1 , t 1 , m1−1 . . . t 1 )) on X × · · · × X is equivalent to the r-action of the symmetric group. One can check that the quotient of X × · · · × X under this action is isomorphic to the symmetric product of the curve, so X × · · · × X Z ∆m (t s1 ) ∼ = Sym m1 X × Sym m2 X × · · · × Sym m ℓ X.
The last statement follows from the fact that the stabilizer of t s2 is Z ∆m (t a ) = ∆ m0 × S m1 × · · · × S m ℓ .
